Evidence is given for the correctness of the Joyal-Riehl-Verity construction of the homotopy bicategory of the (∞, 2)-category of (∞, 1)-categories; in particular, it is shown that the analogous construction using complete Segal spaces instead of quasicategories yields a bicategorically equivalent 2-category.
Introduction
In recent years, it has become accepted that an (∞, 1)-category should be something like a category weakly enriched in ∞-groupoids, where '∞-groupoid' refers to weak homotopy types, and by 'weakly enriched' we mean that composition is unital and associative only up to coherent homotopy. There has been a proliferation of proposed definitions making this precise: for example, simplicially enriched categories, Segal categories, complete Segal spaces, quasicategories, and relative categories. Fortunately, the categories of such structures (with the appropriate notion of equivalence) can each be embedded in a Quillen model category, and the model categories so obtained have been shown to be Quillen-equivalent: see [Bergner, 2007] , [Joyal and Tierney, 2007] , and [Barwick and Kan, 2012] . In short, the aforementioned theories of (∞, 1)-categories have the same homotopy theory.
However, the present writer contends that it is not enough to have presentations of the homotopy theory of (∞, 1)-categories: we would like to also have presentations of its formal category theory. To illustrate, consider a homotopy pullback square in a simplicially enriched category C: is it the case that the corresponding square in the quasicategorical incarnation of C is a pullback square in the sense of Joyal and Lurie? Recent work of Riehl and Verity Department of Pure Mathematics and Mathematical Statistics, University of Cambridge, Cambridge, UK. E-mail address: Z.L.Low@dpmms.cam.ac.uk [2013a,b] has shown that questions of this nature can be answered by looking at what one might call the homotopy bicategory of the (∞, 2)-category of (∞, 1)-categories, at least when the latter is realised as the cartesian closed category of quasicategories.
We now briefly recall the aforementioned construction. Let sSet be the category of simplicial sets, let Qcat be the full subcategory of quasicategories, let N : Cat → sSet be the nerve functor, and let τ 1 : sSet → Cat be its left adjoint. The Joyal model structure for quasicategories is cartesian (in the sense of Rezk [2010, § 2] ), so Qcat is an exponential ideal in sSet; in particular, Qcat is cartesian closed. One can show that τ 1 : sSet → Cat preserves finite products, so the cartesian closed structure of Qcat gives rise to a 2-category Qcat whose underlying 1-category is (isomorphic to) Qcat. Moreover, a morphism in Qcat is an equivalence in the 2-categorical sense if and only if it is a weak equivalence in the Joyal model structure, so this is a good 2-truncation of the (∞, 2)-category of (∞, 1)-categories (in some sense still to be made precise).
Essentially the same story goes through for complete Segal spaces, though the proofs are (by necessity) more complicated. The purpose of the present paper is threefold:
• To give evidence for the correctness of the Joyal-Riehl-Verity construction of the homotopy bicategory of (∞, 1)-categories, by showing that its bicategorical equivalence class is essentially theory-independent.
• To show that an analogous construction can be carried out using complete Segal spaces instead of quasicategories.
• To exhibit an explicit bicategorical equivalence between the two constructions.
In the first section, we will review some basic facts about cartesian closed categories and cartesian model structures. This will be followed by some observations about the 2-category Qcat and its intrinsicality with respect to the homotopy theory of (∞, 1)-categories. We will then prove some propositions for Segal spaces needed to make the construction go through, and in the last section, we will show that one of the Quillen equivalences constructed by Joyal and Tierney [2007] induces the desired bicategorical equivalence.
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Generalities
Recall the following definition: Definition 1.1. A cartesian closed category is a category C equipped with the following data:
• A terminal object 1.
• A functor − × − : C × C → C such that X × Y is the cartesian product of X and Y (in a natural way).
• A functor [−, −] : C × C → C equipped with bijections
that are natural in X, Y , and Z.
A cartesian closed functor is a functor F : C → D between cartesian closed categories satisfying these conditions:
• F preserves finite products (up to isomorphism).
• The canonical morphism
Examples 1.2. The following categories are cartesian closed:
(a) The category of sets, Set.
(b) The category of small categories, Cat.
(c) The category of small simplicially-enriched categories, SCat.
(d) The category of presheaves on any small category.
It is not hard to check that a cartesian closed category C has a canonical Cenrichment, with the object of morphisms X → Y being the exponential object [X, Y ]. As such, if D is a category with finite products and F : C → D is a functor that preserves finite products, there is an induced D-enriched category F [C] with the same objects as C but where the object of morphisms X → Y is given by F [X, Y ]. (Of course, identities and composition are inherited from C via F .) Moreover: Lemma 1.3. The underlying ordinary category of the D-enriched category F [C] inherits the structure of a cartesian closed category from C.
Proof. It is easy to check that [X, 1] ∼ = 1 for all X in C, so 1 is still a terminal object in F [C]. Since F preserves binary products, we have the following natural isomorphisms:
It therefore follows that Y × Z is a cartesian product of Y and Z in F [C] as well. Finally, there is a natural isomorphism
and so by applying F we deduce that [Y, Z], regarded as an object in F [C], is an exponential object of Z by Y . Definition 1.4. Let C be a cartesian closed category. A reflective exponential ideal of C is a reflective subcategory D with the following property:
Proposition 1.5. Let C be a cartesian closed category, let G : D → C be a fully faithful functor, and let F : C → D be a left adjoint of G. The following are equivalent:
(i) The image of G : D → C is a reflective exponential ideal of C.
(ii) The functor F : C → D preserves finite products.
(iii) D is a cartesian closed category and, for all C in C and all D in D, the canonical morphisms
are isomorphisms.
Proof. See Proposition 4.3.1 in [Johnstone, 2002, Part A] .
Lemma 1.6. Let C be a cartesian closed category and let F : C → D be a functor that preserves finite products. The functor C → F [C] induced by F is an isomorphism of ordinary categories if and only if the hom-set maps
induced by F are bijections for all objects X in C.
Proof. Simply recall the natural bijection
Throughout this paper, we use the definition of 'model category' found in [Hovey, 1999, § 1 .1], i.e. our model categories are complete, cocomplete, and have functorial factorisations. Definition 1.7. A cartesian model structure on a cartesian closed category is a model structure satisfying the following additional axioms: ] where the square in the lower right is a pullback square, the morphism q : [W, X] → L(i, p) indicated in the diagram is a fibration, and q is a weak equivalence if either i or p is a weak equivalence.
• The terminal object 1 is cofibrant.
A cartesian model category is a cartesian closed category equipped with a model structure.
Example 1.8. The Kan-Quillen model structure on sSet is a cartesian model structure: see e.g. Proposition 4.2.8 in [Hovey, 1999] .
Theorem 1.9. Let M be a cartesian model category, let M f be the full subcategory of fibrant objects, and let Ho M be the homotopy category of M.
(i) M f is closed under small products in M, and [X, Y ] is fibrant if X is cofibrant and Y is fibrant.
(ii) The localisation functor γ : M f → Ho M preserves small products; in particular, Ho M has products for all small families of objects.
(iii) Ho M is a cartesian closed category, and γ[X, Y ] is naturally isomorphic to [γX, γY ] when X is cofibrant and Y is fibrant.
(iv) Let Γ : M → Set be the functor M(1, −) and let τ 0 : M → Set be the functor Ho M(γ1, γ−). The functor τ 0 preserves small products in M f , and the component χ Y : ΓY ⇒ τ 0 Y of the natural transformation χ : Γ ⇒ τ 0 induced by the functor γ is surjective for all fibrant objects Y in M.
Proof. (i). That M f is closed in M under small products is a straightforward consequence of the right lifting property of fibrations, and the compatibility axiom for cartesian model structures implies the other half of the claim.
(ii). It can be shown that the canonical functor
is an equivalence of categories for all sets J, so products in Ho M coincide with homotopy products. Homotopy products in M f coincide with ordinary products, hence the localisation functor γ : M f → Ho M preserves small products. Since every object in M is weakly equivalent to one in M f , it follows that Ho M has products for all small families of objects.
(iii). See Theorem 4.3.2 in [Hovey, 1999] .
(iv). As a representable functor, Ho M(γ1, −) : Ho M → Set preserves small products, and by claim (ii), γ : M f → Ho M preserves small products, so τ 0 : M f → Set indeed preserves small products. It is well-known that the localisation functor induces hom-set maps
that are surjective when X is cofibrant and Y is fibrant; but 1 is cofibrant by hypothesis, so the map χ Y : ΓY → τ 0 Y is surjective for all fibrant Y .
Under stronger hypotheses, the homotopy category of a cartesian model category admits a description à la Hurewicz: Proposition 1.10. Let M be a cartesian model category, let M f be the full subcategory of fibrant objects, and let Ho M f be the localisation of M f at the weak equivalences. If all fibrant objects in M are cofibrant, then:
that is a bijection on objects, full, and preserves small products and exponential objects.
Proof. (i). Since all fibrant objects are cofibrant, the exponential object [X, Y ] is fibrant for all X and Y in M f ; since M f is closed under small products in M, it follows that M f is a cartesian closed category.
(ii). This is a straightforward consequence of the fact that τ 0 : M f → Set preserves small products, that we have a natural bijection Γ[X, Y ] ∼ = M(X, Y ) for all objects X and Y , and that χ Z : ΓZ → τ 0 Z is a surjection for all fibrant objects Z. (i) The functors γ : M → Ho M and τ 0 : M → Set both preserve finite products.
(ii) A morphism f : X → Y in M is a weak equivalence if and only if the induced maps
are bijections for all fibrant objects Z in M.
with a left adjoint.
Proof. (i). It suffices to show that γ : M → Ho M preserves finite products; that τ 0 : M → Set preserves finite products will follow automatically. It is not hard to check that γ : M → Ho M preserves terminal objects for all model categories M, and we will now show that γ preserves binary products.
The definition of cartesian model category implies that, for all cofibrant objects Y , the functor − × Y : M → M is a left Quillen functor. Since we are assuming that all objects are cofibrant, Ken Brown's lemma implies that − × Y preserves weak equivalences. We then deduce that − × − : M × M → M preserves all weak equivalences, and hence that it is its own left derived functor. Thus, the localisation functor γ : M → Ho M indeed preserves binary products.
is a weak equivalence for all fibrant objects Z, and hence τ 0 [f, Z] must be a bijection. Conversely, suppose τ 0 [f, Z] is a bijection for all fibrant objects Z. Let R : M → M be a fibrant replacement functor for M. Then, the morphism Rf : RX → RY also induces bijections τ 0 [Rf , Z] for all fibrant objects Z, and since RX and RY are in M f , the Yoneda lemma implies that Rf : RX → RY is sent to an isomorphism in τ 0 [M f ], and hence must be a weak equivalence in M f . The 2-out-of-3 property of weak equivalences then implies f : X → Y is a weak equivalence in M.
(iii). It is clear that the induced functor
is indeed fully faithful, and it is not hard to check that a fibrant replacement functor provides the required left adjoint
Quasicategories
We begin with a bit of category-theoretic folklore.
Theorem 2.1. The following data define a cartesian model structure on Cat:
• The weak equivalences are the categorical equivalences, i.e. functors that are fully faithful and essentially surjective on objects.
• The cofibrations are the isocofibrations, i.e. functors that are injective on objects.
• The fibrations are the isofibrations, i.e. functors F : C → D with the isomorphism lifting property, i.e. for all objects C in C and all isomorphisms f :
We refer to this as the natural model structure on Cat.
Proof. See [Rezk, 1996] .
Remark 2.2. The natural model structure on Cat makes all objects cofibrant and fibrant, and two functors are homotopic if and only if they are naturally isomorphic.
To fix notation and terminology, we recall a few definitions and results:
Definition 2.3. A quasicategory is a simplicial set X that satisfies the Boardman condition: for all n ≥ 2 and all 0 < i < n, the unique morphism X → 1 has the right lifting property with respect to the (inner) horn inclusion
Proposition 2.4. Let N : Cat → sSet be the functor that sends a small category to its nerve.
(i) The functor N is fully faithful and preserves colimits for all small filtered diagrams and limits for all diagrams.
(ii) N has a left adjoint, τ 1 : sSet → Cat.
(iii) The functor τ 1 preserves finite products.
Proof. (i). This is well-known and not hard to check.
(ii). Apply the accessible adjoint functor theorem, or use the theory of Kan extensions.
(iii). Since both Cat and sSet are cartesian closed, − × − preserves colimits in both variables in both categories. It therefore suffices to check that the canonical morphism
is an isomorphism for all pairs of natural numbers n and m; but this is easy because N : Cat → sSet is fully faithful and each ∆ n is the nerve of a small category.
Remark 2.5. There is a well-known description of τ 1 X when X is a quasicategory:
• The objects are the vertices of X.
• The morphisms x 0 → x 1 are the edges f such that
• The identity morphism x → x is (the equivalence class of) the edge s 0 (x).
• Composition is defined by 2-simplices: if σ is a 2-simplex of X with
Moreover, X is a Kan complex if and only if X is a quasicategory and τ 1 X is a groupoid. For details, see Propositions 1.2.3.9 and 1.2.5.1 in [HTT] .
Let τ 0 : sSet → Set be the functor that sends a simplicial set X to the set of isomorphism classes of objects in the category τ 1 X.
Definition 2.6. A weak categorical equivalence is a morphism F : X → Y in sSet such that the induced maps
are bijections for all quasicategories Z.
Theorem 2.7 (Joyal). The following data define a cartesian model structure on sSet:
• The weak equivalences are the weak categorical equivalences.
• The cofibrations are the monomorphisms.
We refer to this as the Joyal model structure for quasicategories, and the fibrant objects in this model structure are the quasicategories.
Proof. See Theorem 6.12 in [Joyal, 2008] .
Proposition 2.8. The adjunction displayed below
is a Quillen adjunction with respect to the natural model structure on Cat and the Joyal model structure on sSet.
Proof. See Proposition 6.14 in [Joyal, 2008] .
Corollary 2.9. Let Qcat be the full subcategory of sSet spanned by the quasicategories.
(i) Qcat is closed under small products and exponential objects in sSet; in particular, Qcat is a cartesian closed category.
(ii) Let Ho Qcat be the localisation of Qcat at the weak categorical equivalences. The localisation functor Qcat → Ho Qcat preserves small products and exponential objects. (i) For all quasicategories Z, the induced morphisms
are weak categorical equivalences.
(ii) For all quasicategories Z, the induced functors
are categorical equivalences.
(iii) F : X → Y is a weak categorical equivalence.
Proof. By proposition 1.11, this is a formal consequence of the fact that the Joyal model structure for quasicategories is cartesian and that τ 1 : sSet → Cat preserves weak equivalences.
Remark 2.11. Let Qcat be the 2-category defined by τ 1 [Qcat]. Lemma 2.10 says that a weak categorical equivalence between quasicategories is the same thing as an equivalence in Qcat, and proposition 1.10 implies that a parallel pair of morphisms in Qcat become equal in Ho Qcat if and only if they are isomorphic in Qcat. Thus, we may think of Qcat as being (a model for) the homotopy bicategory of an (∞, 2)-category of quasicategories.
Proposition 2.12. Let Ho Cat be the localisation of Cat at the categorical equivalences.
(i) The adjunction τ 1 ⊣ N : Cat → Qcat descends to an adjunction of homotopy categories,
Ho τ 1 ⊣ Ho N : Ho Cat → Ho Qcat and the functor Ho N is fully faithful.
(ii) The functor Ho τ 1 : Ho Qcat → Ho Cat preserves finite products.
(iii) Ho τ 1 induces a (Ho Cat)-enrichment of Ho Qcat.
Proof. (i). Since all objects in
Cat are fibrant, Ken Brown's lemma implies that N sends categorical equivalences in Cat to weak categorical equivalences in Qcat; and since all objects in sSet are cofibrant in the Joyal model structure, τ 1 sends weak categorical equivalences in Qcat to categorical equivalences in Cat. It follows that there is a well-defined adjunction Ho τ 1 ⊣ Ho N. The counit of this adjunction is a natural isomorphism because the counit of the adjunction τ 1 ⊣ N is a natural isomorphism, so we may deduce that Ho N is fully faithful.
(ii). Consider the following commutative diagram of functors:
The horizontal arrows are functors that are bijective on objects and preserve finite products, and τ 1 : Qcat → Cat preserves finite products, so we deduce that Ho τ 1 : Ho Qcat → Ho Cat does as well.
(iii). This is an immediate consequence of the fact that Ho Qcat is a cartesian closed category and that Ho τ 1 preserves finite products.
A (Ho Cat)-enriched category can be thought of as something like a bicategory without coherence data; indeed, any bicategory gives rise to a (Ho Cat)-enriched category in an obvious way. Moreover: Theorem 2.13. Let C and D be two (Ho Cat)-enriched categories, and let F : C → D be a (Ho Cat)-enriched equivalence.
(i) If F : C → D underlies a pseudofunctor between bicategories, then that pseudofunctor is a bicategorical equivalence.
(ii) If D underlies a bicategory D, then C underlies a bicategory C such that F : C → D underlies a bicategorical equivalence C → D.
Proof. (i)
. This is just the definition of bicategorical equivalence.
(ii). By factorising F : C → D, we can reduce the problem to the following two cases:
(a) F is an identity-on-objects (Ho Cat)-enriched equivalence.
(b) F is a (Ho Cat)-enriched equivalence that acts as the identity on homobjects.
Case (b) is straightforward, so we focus on case (a).
To prove the claim, we will use some techniques from 2-dimensional category theory. We assume for simplicity that D is a small bicategory. Recall that a Cat-valued graph is a set of objects together with a small category for each ordered pair of objects. Clearly, every small bicategory has an underlying Cat-valued graph, and there is an obvious 2-category of Cat-valued graphs over a fixed set of objects, say O, namely the 2-category Cat O×O . The following facts are well-known:
• The 2-category of small 2-categories with object-set O (whose morphisms are the identity-on-objects 2-functors) is 2-monadic over Cat O×O .
• Pseudoalgebras for the induced 2-monad on Cat O×O are unbiased small bicategories with object-set O, and the strong morphisms are identityon-objects pseudofunctors.
• Pseudoalgebra structures for any 2-monad can be transported along equivalences.
Now, let O = ob C, let C be the Cat-valued graph determined by C and choose, for each pair of objects X and Y in C, a categorical equivalence to represent the hom-object morphism C(X, Y ) → D(F X, F Y ). This defines an equivalencẽ F : C → D in the 2-category Cat O×O , so using the facts recalled above, we deduce that C admits the structure of a bicategory makingF : C → D into a bicategorical equivalence. By examining the construction of the transported bicategory structure on C, one may then deduce that F : C → D is indeed the (Ho Cat)-enriched functor underlyingF : C → D.
Remark 2.14. It is clear from the construction of the 2-category Qcat that the (Ho Cat)-enriched version of Ho Qcat is the (Ho Cat)-enriched category underlying Qcat. Thus, if we accept the following hypotheses,
• Ho Qcat is the correct homotopy category of the (∞, 1)-category of small (∞, 1)-categories.
• Ho N : Ho Cat → Ho Qcat is the correct embedding of Ho Cat into Ho Qcat.
then we should also believe that the (Ho Cat)-enriched incarnation of Ho Qcat underlies the correct homotopy bicategory of the (∞, 2)-category of small (∞, 1)-categories-however we choose to make those notions precise. In particular, theorem 2.13 implies that any such homotopy bicategory must be equivalent to Qcat as a bicategory.
We finish off this section with a "transport of structure" construction that puts a 2-category structure on the full subcategory of cofibrant-fibrant objects in any model category Quillen-equivalent to the Joyal model category.
Lemma 2.15. Let M and N be model categories, and let M cf and N cf be the respective full subcategories of cofibrant-fibrant objects. If M and N are Quillen-equivalent, then there exists a functor F : M cf → N cf with the following properties:
• F : M cf → N cf preserves weak equivalences.
• The induced functor Ho F : Ho M cf → Ho N cf is a categorical equivalence.
Proof. By induction on the length of the zigzag of Quillen equivalences connecting M and N , we may reduce the claim to the case where there is either a left or right Quillen equivalence M → N ; by duality, we may assume without loss of generality that there is a right Quillen equivalence R : M → N . For each object N in N , choose a functorial fibrant cofibrant replacement p N : QN → N. Since R preserves fibrant objects, QRM is a cofibrant-fibrant object in N for all fibrant objects M in M. We may then define the functor F : M cf → N cf by taking F = QR. Ken Brown's lemma says that R preserves weak equivalences between fibrant objects, and p : Q ⇒ id N is a natural weak equivalence, so F : M cf → N cf must preserve all weak equivalences. There is then an induced functor Ho F : Ho M cf → Ho N cf , and it is a categorical equivalence because R : M → N is a right Quillen equivalence.
Proposition 2.16. Let C be a category with weak equivalences satisfying the following conditions:
• A morphism in C is a weak equivalence if and only if the localisation functor C → Ho C sends it to an isomorphism.
• The localisation functor C → Ho C is full.
Let D be a 2-category, let D be its underlying ordinary category, and let Ho D be τ 0 [D], i.e. the category obtained from D by identifying parallel pairs of morphisms that are isomorphic. Suppose F : C → D is a functor that sends weak equivalences in C to equivalences in D. If the induced functor Ho F : Ho C → Ho D is a categorical equivalence, then:
(i) There exist a unique (up to unique isomorphism) 2-category C equipped with a bicategorical equivalenceF : C → D whose underlying functor is U : C → D.
(ii) A morphism in C is a weak equivalence if and only if it is an equivalence in the 2-category C.
(iii) A parallel pair of morphisms in C are sent to the same morphism in Ho C if and only if they are isomorphic in C.
Proof. (i). The key observation is that, given any category A and any map u : X → ob A such that the composite X u → ob A → τ 0 A is surjective, there is a unique (up to unique isomorphism) categoryÃ equipped with a categorical equivalenceũ :Ã → A such that obũ : obÃ → A is the map u : X → ob A. It is now clear how to construct the 2-category C: given a parallel pair f 0 , f 1 : A → B in C, we define the set of natural transformations f 0 ⇒ f 1 in C to be the set of natural transformations F f 0 ⇒ F f 1 in D, and we define horizontal and vertical composition by transport of structure. There is then an obvious bicategorical equivalenceF : C → D whose underlying functor is F : C → D.
(ii). Let f : A → B be a morphism in C. First, suppose f is a weak equivalence in C. Then, F f is an equivalence in D. SinceF : C → D is a bicategorical equivalence, we deduce that f is an equivalence in the 2-category C.
Conversely, suppose f is an equivalence in the 2-category C. Then, F f is an equivalence in the 2-category D, and hence is an isomorphism in Ho D. Since Ho F : Ho C → Ho D is a categorical equivalence, f must be an isomorphism in Ho C, so we deduce that f is a weak equivalence in C.
(iii). The proof is similar to that of claim (ii).
Corollary 2.17. Let M be a model category and let M cf be the full subcategory of cofibrant-fibrant objects in M. If M is Quillen-equivalent to the Joyal model category for quasicategories, then there exist a 2-category M and a 2-functor F : M → Qcat with the following properties:
•F : M → Qcat is a bicategorical equivalence.
• The underlying functor ofF is a functor F : M cf → Qcat that preserves weak equivalences.
• The induced functor Ho F : Ho M cf → Ho Qcat is a categorical equivalence.
Proof. Using lemma 2.15 and the well-known fact that the localisation functor M cf → Ho M cf is full, we see that there is a functor F : M → Qcat satisfying the hypotheses of the earlier proposition.
Remark 2.18. As explained in remark 2.14, the (Ho Cat)-enriched category underlying M can be described intrinsically in terms of Ho M, at least once we know how Ho Cat is embedded in Ho M. We are able to obtain a straightforward description of the 2-category M itself in this case because lemma 2.15 gives us the extra data of a functor M cf → Qcat that descends to a categorical equivalence Ho M cf → Ho Qcat. It seems unlikely that M can be described purely in terms of the (Ho Cat)-enrichment of Ho M cf : though the hom-categories are determined uniquely up to unique isomorphism, it appears to be impossible to unambiguously define the horizontal composition without reference to a known 2-category.
Segal spaces
We now turn to Rezk's theory of (∞, 1)-categories. As usual, ∆ denotes the full subcategory of Cat spanned by the categories [0], [1], [2], . . ., where [n] is the category freely generated by the following graph:
For consistency, we will follow the conventions of [Joyal and Tierney, 2007] regarding bisimplicial sets: Definition 3.1. A bisimplicial set is a functor ∆ op × ∆ op → Set. For brevity, if X is a bisimplicial set, we write X n,m for the set X ([n], [m] ). The n-th column of a bisimplicial set X is the simplicial set X n,• , and the m-th row of X is the simplicial set X •,m . ¶ 3.2. Given simplicial sets X and Y , we define a bisimplicial set X ⊠ Y by the following formula:
It is not hard to check that the bisimplicial set that represents
Proposition 3.3. Let ssSet be the category of bisimplicial sets.
(i) ssSet is a cartesian closed category, with exponential objects defined by the formula below: (iii) For each simplicial set Y , the functor sSet → ssSet defined by X → X ⊠ Y has a right adjoint, namely the functor that sends a bisimplicial set Z to the simplicial set M h (Y, Z) defined by the formula below:
Symmetrically, for each simplicial set X, the functor sSet → ssSet defined by Y → X ⊠ Y has a right adjoint, namely the functor that sends a bisimplicial set Z to the simplicial set M v (X, Z) defined by the formula below:
(iv) For each simplicial set Y , the functor M h (Y, −) : ssSet → sSet can be represented by K v Y with respect to the horizontal enrichment; symmetrically, for each simplicial set X, the functor M v (X, −) : ssSet → sSet can be represented by K h X with respect to the vertical enrichment.
(v) The tensor product of a simplicial set X and a bisimplicial set Z with respect to the vertical enrichment of ssSet is given by K v X ×Z; symmetrically, the tensor product of a simplicial set X and a bisimplicial set Z with respect to the horizontal enrichment of sSet is given by K h X × Z.
Proof. Straightforward, but omitted. ♦ Theorem 3.4 (Reedy). The following data define a cartesian model structure on ssSet:
• The weak equivalences are vertical weak homotopy equivalences, i.e. the morphisms that induce weak homotopy equivalences between the respective columns.
We refer to this as the vertical Reedy model structure on ssSet, and the fibrations are called vertical Reedy fibrations. It is a simplicial model structure with respect to the vertical enrichment of ssSet.
Proof. See Theorem 2.6 in [Joyal and Tierney, 2007] .
Lemma 3.5. Let X be a bisimplicial set. The following are equivalent:
(i) X is fibrant with respect to the vertical Reedy model structure.
(ii) For all n ≥ 0, the morphism M v (∆ n , X) → M v (∂∆ n , X) induced by the boundary inclusion ∂∆ n ֒→ ∆ n is a Kan fibration.
(iii) For all monomorphisms i : Y → Z in sSet, the morphism
induced by i is a Kan fibration.
Proof. See Proposition 2.3 in [Joyal and Tierney, 2007] Definition 3.6. Let n ≥ 1. A principal edge of ∆ n is a 1-simplex in ∆ n that corresponds to a functor [1] → [n] sending 0 to i and 1 to i + 1 (where 0 ≤ i < n). The spine of ∆ n is the smallest simplicial subset G n ⊆ ∆ n containing all the principal edges in ∆ n .
Definition 3.7. A bisimplicial set X satisfies the Segal condition (resp. strict Segal condition) if it has the following property:
induced by the spine inclusion G n ֒→ ∆ n is a weak equivalence (resp. isomorphism) of simplicial sets.
A Segal space is a bisimplicial set that is fibrant with respect to the vertical Reedy model structure and satisfies the Segal condition.
Remark 3.8. If X is a Segal space, then lemma 3.5 implies the morphism
is a trivial Kan fibration; in particular, it is a split epimorphism. (ii) For any small category C, the classifying diagram N(C) is a Segal space.
(iii) N has a left adjoint, τ 1 : ssSet → Cat, which is the unique (up to unique isomorphism) colimit-preserving functor that sends
Proof. (i). See Theorem 3.6 in [Rezk, 2001] .
(ii). It is not hard to see that N(C) satisfies the (strict!) Segal condition. For the fibrancy of N(C) with respect to the vertical Reedy model structure, see Lemma 3.8 in [Rezk, 2001] .
(iii). As usual, one may either apply the accessible adjoint functor theorem or use the theory of Kan extensions. To see that
, simply observe that the Yoneda lemma gives us the following natural bijection:
Proposition 3.11. Let C be a small category.
where iso :
Cat → Grpd is the right adjoint of the inclusion Grpd ֒→ Cat.
(ii) There is a natural isomorphism
(iii) The functor τ 1 : ssSet → Cat preserves finite products, and for any bisimplicial set X, the natural morphism
is an isomorphism of bisimplicial sets.
Proof. (i). We have the following natural bijections:
Thus, we have the desired natural isomorphism of simplicial sets.
(ii). To prove the claim, it suffices to show that we have a natural bijection of the form below:
We now use the calculus of ends to establish such a natural bijection:
We first show that [X, N(C)] is isomorphic to the classifying diagram of some category. Indeed, every bisimplicial set is canonically a colimit of a canonical small diagram of representable bisimplicial sets, and the functor Thus, N embeds Cat as a reflective exponential ideal in ssSet, and we may deduce the main claims by applying proposition 1.5. ¶ 3.12. The category τ 1 X admits a simple explicit description when X is a Segal space. First, for each tuple (x 0 , . . . , x n ) of vertices in X 0,• , let X(x 0 , . . . , x n ) be the simplicial set defined by the pullback diagram in sSet shown below,
where the morphism X n,• → X 0,• ×· · ·×X 0,• is the one induced by the obvious inclusion of vertices ∆ 0 ∐· · ·∐∆ 0 → ∆ n . Note that there is a unique morphism
and since the bottom arrow in the diagram is a trivial Kan fibration, so too is the top arrow. We should think of X(x 0 , x 1 ) as the space of morphisms x 0 → x 1 ; the term 'space' is reasonable because X(x 0 , x 1 ) is a Kan complex. Consider the following category Ho X:
• The objects are the vertices of the 0th column X 0,• .
• The morphisms x 0 → x 1 are the connected components of X(x 0 , x 1 ).
• The identity morphism x → x is the connected component of the vertex
• Composition is induced by the face operator
, and we have a weak homotopy equivalence X(x 0 , x 1 , x 2 ) → X(x 0 , x 1 )×X(x 1 , x 2 ), so by applying the connected components functor π 0 : sSet → Set, we obtain a well-defined map Ho X(x 1 , x 2 ) × Ho X(x 0 , x 1 ) → Ho X(x 0 , x 2 ).
Lemma 3.13. The above construction is indeed a category.
Proof. See Proposition 5.4 in [Rezk, 2001] .
Lemma 3.14. Let C be a small category and let X = N(C).
(i) The columns of X are Kan complexes.
(ii) The vertices of the 0th column X 0,• can be canonically identified with objects in C.
(iii) The vertices of X(x 0 , x 1 ) can be canonically identified with morphisms x 0 → x 1 in C, and X(x 0 , x 1 ) is moreover discrete as a simplicial set.
Proof. (i). It was shown in proposition 3.11 that the columns of N(C) are isomorphic to nerves of groupoids, and it is well-known that the nerve of any groupoid is a Kan complex.
(ii). By definition,
, and there is a natural bijection between the latter and the set of objects in C.
(iii). The n-simplices of X(x 0 , x 1 ) correspond to commutative diagrams of the following form in C,
where the number of columns of horizontal arrows is n. Thus, there is a canonical identification of vertices of X(x 0 , x 1 ) with morphisms x 0 → x 1 in C, and it is clear that all the n-simplices of X(x 0 , x 1 ) are degenerate for n ≥ 1.
Lemma 3.15. Let X be a Segal space. For each edge p of X 0,• , there exists an edge σ of X 1,• satisfying the following equations:
Moreover, the connected component of X 1,• containing the vertex d •,1 (σ) depends only on p, and this defines a functor j X :
It is not hard to see that the inclusion U ֒→ ∆ 1 ⊠ ∆ 1 is a trivial cofibration with respect to the vertical Reedy model structure: the columns of U and ∆ 1 ⊠ ∆ 1 are disjoint unions of contractible simplicial sets, and the inclusion U ֒→ ∆ 1 ⊠ ∆ 1 induces a bijection of connected components in each column. The existence of σ amounts to saying that morphisms U → X of a particular form can be extended along the inclusion U ֒→ ∆ 1 ⊠ ∆ 1 in a homotopically unique way, and this is a straightforward application of axiom SM7 for simplicial model categories. Similarly, the claim that this construction defines a functor τ 1 X 0,• → Ho X follows from the fact that the inclusion
is a trivial cofibration with respect to the vertical Reedy model structure.
Remark 3.16. In the case where X = N(C) for a small category C, the lemma says that, for every isomorphism p : x 0 → x 1 in C, there exists a morphism f : x 0 → x 1 in C making the diagram below commute,
and this f is moreover unique up to isomorphism. Indeed, in this situation, we must have f = p. The functoriality of the map p → f reduces to the fact that we can paste commutative squares together as in the diagram below:
Proposition 3.17. Let X be a Segal space. For each small category C, there is a bijection ssSet(X, N(C)) ∼ = Fun(Ho X, C)
and it is natural in C. In particular, Ho X is isomorphic to τ 1 X.
Proof. Suppose we are given F : X → N(C). We define the functorF : Ho X → C on objects by the map F 0,0 : X 0,0 → N(C) 0,0 , and lemma 3.14 implies F 1,• : X 1,• → N(C) 1,• induces well-defined maps Ho X(x 0 , x 1 ) → C F x 0 ,F x 1 that preserve the identity and composition, as required for a functor. The map F →F is clearly natural in C, so to prove the proposition it is enough to construct an inverse for F →F . Let A • and B • be the simplicial objects in Cat defined below:
Observe that lemma 3.5 implies that the columns X n,• are all Kan complexes, so the categories A n are all groupoids. Thus A • and B • are in fact simplicial objects in Grpd. We previously showed in proposition 3.11 that the degreewise nerve of B • is isomorphic to N(Ho X), so the adjunction τ 1 ⊣ N yields a bijection between morphisms X → N(Ho X) and simplicial functors A • → B • . It is not hard to see that B • satisfies the strict Segal condition and is therefore 2-coskeletal as a simplicial object in Grpd; thus simplicial functors A • → B • are freely and uniquely determined by their restrictions to degrees ≤ 2. We define P 0 : A 0 → B 0 by factoring the functor j X : τ 1 (X 0,• ) → Ho X of lemma 3.15 using the universal property of B 0 as the maximal subgroupoid of C. There is then a unique functor P 1 : A 1 → B 1 satisfying these conditions:
• For each vertex f of X(x 0 , x 1 ), P 1 sends the object f in A 1 to the object
[f ] in B 1 , where [f ] denotes the connected component of f in X(x 0 , x 1 ).
• We have
This is because for any edge σ of X 1,• , we have
as morphisms in Ho X. Since B • satisfies the strict Segal condition, there is at most one functor P 2 : A 2 → B 2 compatible with P 0 , P 1 , and the 2-truncated simplicial structures of A • and B • ; such a P 2 does exist by definition of composition in Ho X. We therefore obtain a simplicial functor P • : A • → B • , and hence a morphism Q : X → N(Ho X) by transposing degreewise across the adjunction τ 1 ⊣ N. It is clear that the functorQ : Ho X → Ho X induced by the morphism Q : X → N(Ho X) is id : Ho X → Ho X. To complete the proof of the proposition, we must show that we have F = N F • Q for all small categories C and all morphisms F : X → N(C). Since the columns of N(C) are nerves of groupoids, we can transpose across the adjunction τ 1 ⊣ N and check the equation in the category of simplicial objects in Grpd; this is a straightforward matter of applying the methods employed in the previous paragraph to construct
Complete Segal spaces
Although the theory of Segal spaces looks very much like a homotopy-coherent theory of categories internal to Kan complexes, it is not as well-behaved as one would hope: the obvious notion of equivalence of Segal spaces (namely, Dwyer-Kan equivalences) does not agree with the weak equivalences obtained by taking the left Bousfield localisation of the vertical Reedy model structure with respect to Segal spaces. To remedy this, Rezk introduced a notion of 'completeness' that connects the categorical structure of a Segal space X with the homotopical structure of the Kan complex X 0,• .
Proof. For any Segal space X, the morphism X 0,• → X eq is a split monomorphism, so X is a complete Segal space if and only if X 0,• → X eq is a trivial cofibration with respect to the Kan-Quillen model structure. Since the morph-
• induced by the boundary inclusion ∂∆ 1 ֒→ ∆ 1 is a Kan fibration, the lifting property yields the desired morphism
, and it is a weak homotopy equivalence by the 2-out-of-3 property.
Theorem 4.6 (Rezk) . The following data define a cartesian model structure on ssSet:
• The weak equivalences are the weak CSS equivalences.
We refer to this as the Rezk model structure for complete Segal spaces, and the fibrant objects in this model structure are the complete Segal spaces.
Proof. See Theorem 7.2 in [Rezk, 2001] .
Remark 4.7. It follows from the definition of weak CSS equivalence and axiom SM7 for simplicial model structures that every vertical weak homotopy equivalence in ssSet is also a weak CSS equivalence. Thus the Rezk model structure for complete Segal spaces is a left Bousfield localisation of the vertical Reedy model structure.
Lemma 4.8. Let X be a complete Segal space, and let x 0 and x 1 be vertices of X 0,• . The following are equivalent:
(i) x 0 and x 1 are isomorphic as objects in τ 1 X.
(ii) x 0 and x 1 are in the same connected component of X 0,• .
(iii) x 0 and x 1 are left homotopic as morphisms ∆ 0 ⊠ ∆ 0 → X in the Rezk model structure for complete Segal spaces.
Proof. (i) ⇔ (ii). This is a corollary of lemma 4.5.
(ii) ⇒ (iii). The unique morphism ∆ 0 ⊠ ∆ 1 → ∆ 0 ⊠ ∆ 0 is a vertical weak homotopy equivalence, so it is a weak CSS equivalence a fortiori. This shows that ∆ 0 ⊠ ∆ 1 (with the evident inclusions and projection) is a cylinder object for ∆ 0 ⊠ ∆ 0 in the Rezk model structure for complete Segal spaces. Since X 0,• is a Kan complex, x 0 and x 1 are in the same connected component if and only if there exists an edge p : x 0 → x 1 in X 0,• . Thus, we obtain a morphism ∆ 0 ⊠ ∆ 1 → X in ssSet, i.e. a left homotopy from x 0 to x 1 considered as morphisms [Hovey, 1999] .) Theorem 4.9 (Joyal-Tierney). Let J m = N(I[m]) and let t ! : ssSet → sSet be the functor defined by the formula below:
(i) t ! has a left adjoint, t ! : ssSet → sSet, which is the unique (up to unique isomorphism) colimit-preserving functor that sends ∆ n ⊠ ∆ m to the simplicial set ∆ n × J m .
(ii) N : Cat → ssSet is isomorphic to the composite t ! N.
is a Quillen equivalence with respect to the Joyal model structure for quasicategories and the Rezk model structure for complete Segal spaces.
Proof. (i). As with theorem 3.10, use either the accessible adjoint functor theorem or the theory of Kan extensions to construct the left adjoint, and then apply the Yoneda lemma to deduce its action on representable bisimplicial sets.
(ii). This is an immediate consequence of the fact that
(iii). See Theorem 4.12 in [Joyal and Tierney, 2007] . Proof. Quillen adjunctions can be composed, so combine proposition 2.8 and theorem 4.9.
Corollary 4.11. For all quasicategories X, the functor τ 1 t ! t ! X → τ 1 X induced by the adjunction counit t ! t ! ⇒ id sSet is an isomorphism of categories.
Proof. The adjunction t ! ⊣ t ! is a Quillen equivalence, X is fibrant with respect to the Joyal model structure for quasicategories, and all bisimplicial sets are cofibrant with respect to the Rezk model structure for complete Segal spaces, so the counit component t ! t ! X → X must be a weak categorical equivalence. Ken Brown's lemma then implies that the induced functor τ 1 t ! t ! X → τ 1 X is a categorical equivalence. However, it is not hard to check that t ! t ! X → X is always a bijection on vertices, so τ 1 t ! t ! X → τ 1 X must in fact be an isomorphism of categories.
Proposition 4.12. Let CSS be the full subcategory of ssSet spanned by the complete Segal spaces.
(i) CSS is closed under small products and exponential objects in ssSet; in particular, CSS is a cartesian closed category.
(ii) Let Ho CSS be the localisation of CSS at the weak categorical equivalences. The localisation functor CSS → Ho CSS preserves small products and exponential objects. Proof. See Theorem 7.7 in [Rezk, 2001] .
Corollary 4.14. Let F : X → Y be a morphism between complete Segal spaces. The following are equivalent:
(i) F is a Dwyer-Kan equivalence.
(ii) F is a weak CSS equivalence.
(iii) F is an equivalence in the 2-category τ 1 [CSS].
Proof. (i) ⇔ (ii). This is a special case of theorem 4.13.
(ii) ⇒ (iii). (iii) ⇒ (ii). Let τ 0 : Cat → Set be the functor that sends a small category C to the set of isomorphism classes of objects in C. (i) The functor t ! : sSet → ssSet restricts to a functor t ! : Qcat → CSS that preserves small products and weak equivalences.
(ii) For all quasicategories X and Y , the canonical morphism
is a weak CSS equivalence.
(iii) Let K be the CSS-enriched category t ! [Qcat] and let t ! : K → CSS be the canonical CSS-enrichment of t ! . The induced 2-functor
is a bicategorical equivalence.
(iv) The 2-functor τ 1 [K] → Qcat induced by the adjunction counit t ! t ! ⇒ id sSet is an isomorphism of 2-categories.
(v) The functor t ! : Qcat → CSS underlies a bicategorical equivalence Qcat → CSS, and moreover t ! N ∼ = N.
Proof. (i). Since t ! : sSet → ssSet is a right Quillen functor with respect to the Joyal model structure for quasicategories and the Rezk model structure for complete Segal spaces, t ! must map quasicategories to complete Segal spaces. The preservation of small products is automatic because t ! is a right adjoint and Qcat is closed in sSet under small products, and Ken Brown's lemma implies t ! must preserve weak equivalences.
(ii). Since Ho t ! : Ho Qcat → Ho CSS is a categorical equivalence, the canonical morphism t ! [X, Y ] → t ! X, t ! Y must be an isomorphism in Ho CSS, and therefore the corresponding morphism in CSS must be a weak CSS equivalence.
(iii). We already know that τ 1 t ! induces equivalences of hom-categories, so it suffices to establish that the underlying (Ho Cat)-enriched functor is essentially surjective on objects. This in turn is a straightforward consequence of corollary 4.14 and the fact that t ! : sSet → ssSet is half of a Quillen equivalence.
(iv). By corollary 4.11, the functors τ 1 t ! t ! [X, Y ] → τ 1 [X, Y ] are isomorphisms for all quasicategories X and Y , so the induced 2-functor τ 1 [K] → Qcat is an isomorphism of 2-categories.
(v). This follows from claims (iii) and (iv).
To conclude, we make note of a small generalisation of the above argument. Recall the following result of Toën:
Theorem 4.16. Let M be a combinatorial simplicial cartesian model category in which all objects are cofibrant and let C
• be a cosimplicial object in M. If (M, C
• ) is a theory of (∞, 1)-categories in the sense of Toën, then there exists a Quillen equivalence of the form below,
where ssSet is equipped with the Rezk model structure for complete Segal spaces and S is defined by the formula below:
Proof. See Théorème 5.1 in Toën [2005] .
Proposition 4.17. Let M be a cartesian model category in which all fibrant objects are cofibrant, let M f be the full subcategory of fibrant objects, and let R ⊣ S : M → ssSet be a Quillen equivalence between M and the Rezk model structure for complete Segal spaces.
(i) The functor S : M → ssSet restricts to a functor S : M f → CSS that preserves small products and weak equivalences.
(ii) For all fibrant objects X and Y in M, the canonical morphism
(iii) Let K be the CSS-enriched category S[M f ] and let S : K → CSS be the canonical CSS-enrichment of S. The induced 2-functor
